We find an exact series solution for the steady-state probability distribution of a harmonically trapped active Brownian particle in two dimensions, in the presence of translational diffusion. This series solution allows us to efficiently explore the behavior of the system in different parameter regimes. Identifying "active" and "passive" regimes, we predict a surprising re-entrant active-topassive transition with increasing trap stiffness. Our numerical simulations validate this finding. We discuss various interesting limiting cases wherein closed form expressions for the distributions can be obtained. The study of active particles has seen an upsurge of interest in recent years for its relevance in describing many nonequilibrium processes [1, 2] . Active Brownian particles (ABPs) and run-and-tumble particles (RTPs) are minimal models for self-propelled active particles [3] . The dynamics of such active particles breaks detailed balance at the microscopic level, and is characterized by properties which are remarkably from equilibrium systems. Systems composed of interacting active particles are known to exhibit a plethora of exotic phenomenon including flocking [4, 5] , clustering [6, 7] , motility induced phase separation and segregation [8] [9] [10] [11] , ratchet effects [12] etc.
The study of active particles has seen an upsurge of interest in recent years for its relevance in describing many nonequilibrium processes [1, 2] . Active Brownian particles (ABPs) and run-and-tumble particles (RTPs) are minimal models for self-propelled active particles [3] . The dynamics of such active particles breaks detailed balance at the microscopic level, and is characterized by properties which are remarkably from equilibrium systems. Systems composed of interacting active particles are known to exhibit a plethora of exotic phenomenon including flocking [4, 5] , clustering [6, 7] , motility induced phase separation and segregation [8] [9] [10] [11] , ratchet effects [12] etc.
While there exists a considerable body of work on the hydrodynamic description of active matter [13] , the number of exactly solvable models that illuminate the novel statistical physics of active particles are few. A number of recent studies, both experimental [14] [15] [16] [17] [18] and theoretical [19] [20] [21] [22] [23] [24] , show that even a single active particle can exhibit rich and counter-intuitive physics such as non-Boltzmann distributions peaked away from potential minima [16, 18, 25] and clustering [26] . For example, a recent experimental study of active Janus particles in a two dimensional effectively harmonic trap surprisingly observed that, in the dilute limit, the trap stiffness can be tuned to induce a crossover in the particle distribution from a Boltzmann-like distribution peaked at the trap center to a strongly active non-Boltzmann distribution with off-centered peaks [16] . At first sight, the dynamics of a single active particle appears to be a small variation of passive Brownian motion. However one finds that calculating even the steady state probability distribution is highly non-trivial. Some exact results obtained in [19] [20] [21] [22] [23] [24] [25] [27] [28] [29] [30] [31] indicate the qualitatively rich physics that even single particle active systems can exhibit. Exactly solvable models of isolated active particles are thus important not only for understanding laboratory experiments of self-propelled particles in confined geometries, but they also provide a good starting point to study systems of weakly interacting active particles.
In this Letter, we consider the stochastic dynamics of an ABP with a self-propulsion speed u 0 , rotational and translational diffusion coefficients D θ and D t , in a harmonic trap of stiffness k, and obtain an exact series solution for the steady-state probability distribution of the position and orientation of the ABP. We provide easily computable recursion relations for the successive terms of the series coefficients. In the limits D θ → 0 and D θ → ∞, we find closed form analytical expressions for this probability distribution. In particular, our approach offers a perturbative solution for the limit D t → 0, which is non-trivial to obtain for a problem without any translational diffusion (D t = 0) [23] . From our exact solution, we deduce regimes in the parameter space of activity and trap-stiffness where the steady-state distribution is Boltzmann-like with a peak at the trap center ("passive phase") or is a non-Boltzmann distribution peaked away from the trap center ("active phase"). On increasing the trap stiffness, we find a transition from the passive phase to the active phase, and a surprising re-entrant transition to the passive phase. In addition to explaining the passive-active transition seen in [16] , our study predicts a re-entrant active-passive transition upon stiffening the harmonic trap. Our analytical solution of the FokkerPlanck equation is in good agreement with explicit numerical simulation results of the Langevin equation for the ABP.
Definition of model : We consider the two-dimensional motion of an ABP in an isotropic harmonic potential (kρ 2 /2), with position coordinate ρ = (ρ cos ϕ, ρ sin ϕ) and internal angular degree of freedom θ at time τ , where both ϕ, θ are measured with respect to the x−axis. The Langevin equation of the ABP is
where the self-propelling velocity has magnitude u 0 and is along the directionê(θ) = (cos θ, sin θ), and µ is arXiv:1902.04171v1 [cond-mat.stat-mech] 11 Feb 2019 the translational mobility. The Gaussian random variables ξ r (τ ) and ξ θ (τ ), with zero mean and unit variance, are uncorrelated in time, and represent translational and rotational noise terms. Defining dimensionless variables r = ρ D θ /D t and t = τ D θ , the Langevin equations take the form dr/dt = λê(θ)−βr+ √ 2 ξ r (t) and dθ/dt = √ 2 ξ θ (t), where the two dimensionless parameters λ = u 0 / √ D θ D t and β = µk/D θ are proportional to the active speed and trap-stiffness respectively.
The Fokker-Planck equation for the probability distribution P(r, θ, t) of the ABP is
From the radial symmetry of the problem, the steady state probability distribution is expected to be a function of χ = θ − ϕ. Setting ∂P/∂t = 0, we find that that the steady state P(r, ϕ, θ) ≡ P(r, χ) satisfies the equation
where
We try a series solution of the form
Using this in Eq.(4) and equating powers of λ on both sides, we get
The first equation (m = 0) above can be solved to give
where Z = 2π ∞ 0 dr r exp(−βr 2 /2). Note that this is identical to the equilibrium distribution corresponding to the potential
. If the eigensystem of L 0 is explicitly known, then the source term L 1 P (0) (obtained from the previous order) can be expanded in the eigenbasis of L 0 . This allows one to solve for P (1) . One can follow this strategy to obtain solutions at every order, as explained below.
Eigensystem of L 0 : Let φ(r, χ) be the eigenvector of L 0 corresponding to the eigenvalue ν satisfying the equation L 0 φ = νφ. With the transformation φ = e −βV (r)/2 ψ, we find that ψ satisfies the equation Hψ = νψ where n,l gets contributions from the coefficient at the previous order m − 1 both from (n − 1, l + 1) and (n, l − 1). The order m (= 2n + l) is constant on the dashed lines.
The above equation without the last ∂ 2 /∂χ 2 term corresponds to the Schrödinger equation of an isotropic twodimensional harmonic oscillator, for which the eigenfunctions (ψ n,l ) and eigenvalues (Λ n,l ) are known exactly [32] :
where n ≥ 0, l are integers, Γ is the gamma function, and L |l| n (x) is the generalized Laguerre polynomial. Note that the presence of the last ∂ 2 /∂χ 2 term in Eq. (10) does not change the eigenfunctions while the eigenvalues get modified to
Since the Fokker-Planck operator L 0 is not a Hermitian operator, its right and left eigenfunctions are different. The right eigenfunctions are given by φ n,l = e −βr 2 /4 ψ n,l .
It can be shown that the left eigenfunctions are given byφ n,l = e βr 2 /4 ψ * n,l and these satisfy the orthogonality condition ∞ 0 dr r 2π 0 dχφ n,l φ n ,l = δ n,n δ l,l . Next, we expand the solutions, at different order, in the L 0 -basis:
Inserting this in Eq. (8), and using the orthogonality of the basis states, we find C
Using the specific form of L 1 given in Eq. (6), we expand L 1 P (m−1) in the same basis set and, on using the above mentioned orthonormality, we find that the coefficients satisfy the recursion relations [33] n,l = 0 for all m, n, l > 0. The structure of the above recursion relations is illustrated in Fig. (1) , where the horizontal and the vertical axes represent l and n respectively, while the dashed lines correspond to constant m = 2n + l. The coefficients C n−1,l+1 on the (m − 1) line, as indicated by the two arrows meeting at the point (n, l). One can think of the index m as a time index and n, l as spatial indices. Thus, starting from the initial condition localized at n = 0, l = 0, Eq. (14) prescribes a time evolution in the m direction (see [33] for more details). Following this procedure, we can find all the coefficients for arbitrary n, l, and hence P (m) at any order m. The first few terms of the series in Eq. (7) are
Using such expressions for P (m) in Eq. (7), one can obtain the joint distribution P(r, χ) up to any power of λ.
The radial part of the probability distribution can be obtained by integrating out the χ degree of freedom. It is clear that only the l = 0 terms will contribute as the Fokker-Planck equation is invariant under u 0 → −u 0 and θ → θ + π. Hence only the even m (= 2n) terms survive. Using the explicit forms of the eigenfunctions, we finally get the following expression for the full radial distribution function
where L m is the m th Laguerre polynomial. Using the orthonormality of Laguerre polynomials, one can show that ∞ 0 dr r P (m>0) (r) = 0, while the m = 0 term is normalized to one. From numerics, we find that the ratio of two consecutive C (2m) m,0 decreases as ∼ m −1 for large m, implying that the series in Eq. (16) is convergent. This allows one to calculate the the probability distribution P (r) to any desired accuracy by computing the coefficients C (2m) m,0 at sufficiently high order in m. In Fig. (2a) we compare the analytical result for P (r) in Eq. (16) (summed over a finite number of terms, m max = M ) with the probability distribution inferred from a direct numerical simulation of the Langevin equations. The inset of Fig. (2a) shows the convergence of the series with increasing M . We find excellent agreement even for M = 5.
The distribution p(χ), of the relative orientation χ, can be obtained by integrating r from the joint distribution P(r, χ) in Eq. (7). However, it is more interesting to look at the conditional distribution p(χ|r) = P(r, χ)/P (r) of the orientation χ at a given r. We observe from Fig. (2b) that p(χ|r) is peaked at χ = 0. With increasing r, the width of this peak decreases while its height increases. This indicates that the particles which successfully climb the potential must have their orientationê(θ) preferentially directed along the radial directionr.
In Fig. (2a) , we observe that as u 0 is increased (at fixed D θ and D t ), the position of the peak of P (r) shifts away from the center (r = 0) of the potential, while P (r)| r=0 becomes a minima. We refer to this shift as the passive-to-active transition. The same transition can also be observed by changing D θ at fixed u 0 and D t . This transition is described by the curve given by
m,0 (β) = 0. In Fig. (3a) , we plot this curve in the λ − β plane. We see that at fixed β, increasing λ induces a passive-to-active transition. However, for fixed λ greater than a critical λ * , on increasing β from a small value, we first see a passive-toactive transition, and upon further increasing β, we observe a re-entrant active-to-passive transition, as shown in Fig. (3b) . The first transition was observed in a recent experiment [16] , where β was varied by changing the trap stiffness k. We here predict a re-entrant transition on increasing k further.
Special limits-We now discuss certain limiting cases of the radial probability distributionP (ρ) = (D θ /D t )P (r). We first consider the case with zero translational noise, i.e., D t = 0. Fig. (4a) shows a plot ofP (ρ) for D t = 0 obtained from our simulations. We observe thatP (ρ) has a finite support with a peak around r = 1, in sharp contrast to the usual Boltzmann distribution. The singular nature ofP (ρ) for D t = 0 does not allow us to readily obtain an analytical expression in this case. However, we numerically evaluate our general series expression from Eq. (16) and compareP (ρ) with numerical simulation results for small D t . As shown in Fig. 4a , our approach thus allows a systematic way to attain the D t → 0 limit, although the computational cost of evaluating Eq. (16) escalates quickly for small values of D t .
We next consider the limit
In this limit, the stochasticity in u 0ê (θ) arising from the rotational diffusion in Eq. (2) approaches the limit of a zeromean Gaussian white noise of strength u 2 0 /(2D θ ) [23] . This adds to the translational white noise ξ r (t). As a result, we expect a Gaussian distribution of the form
, as shown in [23] for the case D t = 0. One can, however, find corrections to this result systematically at different orders in 1/D θ . To accomplish this, we first solve the recursion relations in Eq. (14) perturbatively in powers of β to get C (2m) m,0
]. Using this in Eq. (16), some straightforward calculations leads tõ
where ω 2 = δρ 2 with δ = µk/D eff and ∆ = 7/4 (1 − D t /D eff ) [33] . Fig. 4(b) validates this asymptotic result with numerical simulations. Note that in the above expression one can take D t → 0 limit which would correspond to the pure active Brownian particle case without any translational noise.
Finally, we consider the opposite limit D θ → 0, i.e., β → ∞, in which the timescale for rotational diffusion of the orientation of θ diverges as ∼ D −1 θ . In this limit, the the radial distribution, as shown in [21] , is approximatelỹ
where Z is a normalization constant and I 0 (y) is the modified Bessel function of zeroth order. In order to arrive at this result from our general expression in Eq. (16), we look at the asymptotic behavour of the coefficients C [33] for details).
To conclude, we have obtained an exact series solution for the non-equilibrium steady state of an ABP, with translational diffusion, confined to a two dimensional harmonic trap. Our analytical results are in good agreement with explicit numerical simulations. We explain a recently observed passive-to-active transition of a harmonically confined ABP with increasing trap-stiffness. Furthermore, we predict a surprising active-to-passive reentrant transition upon a further increase of the confinement strength. The prediction of this reentrant transition is amenable to experimental validation. 
DISTRIBUTION IN THE STEADY STATE
The dimensionless Langevin equation for the active Brownian particle in two dimensional harmonic trap is given by,
where the dimensionless parameters λ and β are defined as,
. The corresponding Fokker-Planck equation is,
In the main text we have given the solution for the position distribution in steady state expressed in the form,
4 ψ n,l (r, χ), m = 2n + |l|, n ≥ 0. Here χ = θ − ϕ, ψ n,l (r, χ) are the eigenfunctions for the two dimensional quantum harmonic oscillator and the integers n, l specify the eigenstate of the Fokker-Planck operator L 0 (with λ = 0) with eigenvalue ν n,l = β(2n
Constant coefficients C nl in the expansion of P (m) (r, χ) : From equation (7) of the main text and writing the functions in the eigenbasis of L 0 , we find,
Expanding the known functions e βr 2 4 f (m) (r, χ) in the basis of ψ nl (r, χ) and using orthonormality of ψ, we can find the coefficients B nl = rdrdχ f (m) (r, χ)e βr 2 /4 ψ nl , and consequently,
First few orders of the series solution :
Zeroth order (P (0) ):
This is the equilibrium distribution (for λ = 0).
First order (P (1) ):
2 βr 2 2π C nl can be calculated as, Second order (P (2) ):
Third order (P (3) ): 
The steady state equation has a form L 0 P (m+1) = L 1 P (m) = f (m+1) (r, χ). We expand f (r, χ) and express it in the eigenbasis of operator L 0 i.e. in the form n,l B n,l e −βr 2 /4 ψ nl .
where L |l| n (x) are the generalized Laguerre polynomials. As one expects from the symmetry of the problem and calculated in the last section, the coefficients C n,l are same for ±l. Considering l ≥ 0, the above expression gives,
Relation between C l=lmax between two successive orders : The middle term of the expansion of f (m) (r, χ) is exactly in form of ψ n,l+1 . It raises l by 1 keeping n unaltered. l = l max term in the m th order alone contributes to the l = l max term in the (m + 1) th order. Equating this term to B (m+1) n,l+1 ψ n,l+1 we get,
Solving for B
of two successive orders : It is observed that the l = 1 terms in odd order solely contributes to the l = 0 term in next even order term. So in the expansion of
nl , the coefficients of e i(l−1)χ should account for this term, and should be proportional to ψ n+1,l=0 .
Using the recursion relation, nL
(n + 1) β 2 Using the relation between B n,l and C n,l , and noting that l = 0 term in order m + 1 gets contribution from both l = ±1 in order m, we have
, for l = 1 only
Recursion relation for general n, l : In some order m, if both P n−1,l+2 terms are present, then they will both contribute to P n−1,l+2 we get,
n,l+1 ψ n,l+1 (S.14)
that is simplified to,
Recursion relations in redefined n and l (n ≥ 0, l ≥ 0) : For l = m,
The 'boundary terms' will be as follows.
For n = 0,
and,
which are equation (14) of the main text. So, starting with C 0,0 , all other C n,l can be obtained using the above recursion relations. The following chart indicates how one can obtain all C n,l starting from C 0,0 . The values on the margin indicates l and n values, and face values indicate the order m = 2n + l. Note l −6 −5 −4 −3 −2 −1 0 +1 +2 +3 +4 +5 +6 n = 0 6 5 4 3 2 1 0 1 2 3 4 5 6 n = 1 8 7 6 5 4 3 2 3 4 5 6 7 8 n = 2 10 9 8 7 6 5 4 5 6 7 8 9 10 n = 3 10 9 8 7 6 7 8 9 10 n = 4 10 9 8 9 10 n = 5 10
Out of these only l = 0 column contributes to the radial distribution. And to obtain coefficients with l = 0, it suffices to focus only on the positive l side of the above table.
Probability as series sum of l = 0 terms : Radial part of the probability is obtained by integrating out the χ degree of freedom. So only l = 0 (i.e. m = 2n) terms contribute to the radial distribution.
where L n is Laguerre polynomial of order n. Simplifying the above, we get,
which is equation (16) of the main article.
THE DISTRIBUTION IN DIMENSIONFUL VARIABLES AND LIMITING CASES
With the replacements, β =
, t = τ D θ , the probability distribution in the dimensionful variables will be, P (r)rdr =P (ρ)ρdρ (S.22) 24) i.e., in equilibrium,P
(S. 26) and in the nonequilibrium steady state in presence of nonzero activity,
In the limit β → 0, the first few coefficients are :
It is evident from the table that the first column (l = 0) has √ β dependence, the second column (l = 1) has β dependence, and so on, with higher order l terms having higher powers of β. (S.30)
In the β → 0 limit, the recursion relation for the coefficients is:
Thus, for l = 1
But we know from the table that C (m−1) n−1,2 (l=2) has a higher power of β. So the leading order contribution comes only from C (m−1) n,0 (l=0).
Let us put this expression for the coefficient in our series solution in dimensionful quantities.
We can replace the sum using generating function of Laguerre polynomials
For D t → 0 , this reduces to the expression,P (ρ) =
] obtained in [23] .
Solution to O(β):
To find the leading order correction, we truncate the recursion for the C n,l at l = 2. The truncated relations are,
where the solution would be valid up to O(β) in its expansion. The above set of equations can be simplified as follows.
Replacing n by n − 1 in Eq.(S.48), we get, 2+β(n−1) C n−1,0 . Inserting the last expression in the equation for C n−1,1 and applying Eq.(S.47) once again, we finally obtain the recursion relation satisfied by the coefficients in the radial distribution function,
The solution correct to O(β) is,
with C 0,0 = β 2π . Therefore, the radial distribution function takes the form,
In the limit D θ → ∞, i.e., β → 0, the quantity y 2 = βr 2 remains finite. So the correct radial distribution to O(β) in terms of the dimensionless quantities is,
Using the generating function of Laguerre polynomials,
, we can evaluate the terms in sum above as,
G. Using these in Eq.(S.52) takes the form,
Reverting to dimensionful quantities we get,
In the limit D t → 0 (i.e. λ → ∞), the radial distribution function takes the form,
It turns out that, even l = 4 order terms contribute to the recursion in O(β). If we truncate at l = 3, the rhs of equation (S.50) attains an extra term, − β 144 (n − 1)C n−2,0 . The inclusion of l = 4 modifies the equation further, and the recursion relation takes the form,
One however expects that the solution obtained by truncating at l = 2 should be exact to O(β), which turns out to be the case. The modified recursion equation does not lead any further corrections, and the simulation results match very well with equations (S.55) and (S.57) even for moderate values of β (approximately up to 0.1).
Crossover to the active phase: The crossover point for λ → ∞ limit is obtained by P (0) = 0, which, using Eq.(S.56), is given by µk/D θ c = β c = 4/13 ≈ 0.31. Remembering that there is no transition at O(1) where the distribution function is strictly Gaussian, the above implies we cannot have an active phase however strong the activity be, unless β exceeds a finite critical value, or, equivalently, the rotational noise decreases below a certain critical point. For β > β c , an approximate 'crossover line' in the λ − β plane is obtained by P (0) = 0 from Eq.(S.53), This further implies that, there is no transition for λ < λ c = 4/ √ 13 ≈ 1.11.
More accurate values for β c , λ c and expression for the transition curve may be obtained by calculating higher order terms in the distribution.
LIMIT D θ → 0 (β → ∞)
In the limit β → ∞, the first few coefficients are : Recursion relation for β → ∞ is : s (r) = 2πCe −U (r) I 0 (Per) [21] and the expression matches with simulation result and exact series sum.
